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ABSTRACT 

We USC ;i multivariate analysis to investigate the in- 
fluence of clfective pressure PC,. porosity +. and clay 
content C’ on the compressional velocity V, and shear 
velocity t; of sandstones. I.ahoratory measurements on 
water-saturated samples of 64 different sandstones pro- 
vide ;I large data set that was analyzed statistically. For 
each sample, relationships between effective pressure 
and I ;> and 1; have been determined. All samples were 
well lit by relationships that have an exponential in- 
crease in velocity at low I-‘<~. tapering to a linear increase 
with P,, for I-‘<, greater than 0.7 kbar. There are differ- 
cnces in the pressure dependences of v/elocity for differ- 
ent rocks, particularly at very low pressures; however. 
the differences cannot be attributed to c$ or C’. For the 
combined set of measurements from all samples, the 

best titting formulations are 

t;, = 5.77 - 6.944 ~ 1.73,,‘(. + 0.446(P, - K ‘b.iP*) 

and 

I; = 3.70 - 4.944 - 1.57,/‘7 + 0.361(P, - r~~‘6.7”‘). 

While this is admittedly a very simplitied parame- 
terization. it is remarkable how well the velocity of the 
rocks considered here can be predicted based on only 
the three parameters, 4. C’. and P,. The model accounts 
for 95 percent of the v*ariancc and has rms error of 0.1 
km s. An increased vsalue of I;‘,,:C; can indicate a de- 
crease in Pt., a decrease in porosity. or an increase in 
clay content or some combination thereof. 

INTRODUCTION 

In a laboratory environment. geophysical measurements 
can be made accurately for a rock sample of known character- 
istics. Since geophysicists commonly try to characterize rocks 
using measurements made in the field, we wish to invsestigate 
the combining of laboratory measurements to form empirical 
relationships that can be applied to estimating characteristics 
of in-situ rocks. For a given rock. seismic velocity has been 
shown to be a strong function of effective pressure PC,, that is, 
the contining pressure reduced by the pore pressure (Todd and 
Simmons. 1972). Since velocity also varies with the porosity 
and composition of the rock, an empirical relationship may 
permit us to estimate the effective pressure, and hence the pore 
pressure from measurement of in-situ velocity. While the in- 
flucnce of porosity on vselocity has been analyzed for many 

years with such formulas as the Wyllie time-average equation 
(Wyllic et al.. l956), Han et al (1986) sought to systematically 
investigate the additional elrect of clay content in sandstones. 
They showed that even a small amount of clay significantly 
affects v,elocity. so that clay content must be considered when 
formulating an empirical velocity relationship. 

Han (1986) reported compressional velocity I’,, and shear 
velocity k; for a broad suite of sandstones over a P,. range of 
O.O? to 0.49 kbar. All samples were fully water-saturated; thus 
the influence of gas and oil mixtures on velocity was not in- 
cluded in tllese data. He measured velocities for 64 different 
samples, including clean quarry sandstones, other well- 
consolidated sandstones from quarries and boreholes. tight- 
gas sandstones, and samples (some poorly consolidated) from 
oKshore wells in the Gulf of Mexico. The porosity 4 ranged 
from 0.02 to 0.30 and was measured by a helium porosimeter. 
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The clay content C ranged from 0.00 to 0.50 and was mea- 
sured by point counting on two thin sections per sample. 300 
counts per section. The velocities were measured with a pulse 
transmission technique with central frequencies of 1.0 MHz 
and 0.6 MHz for P and S waves. respectively. Absolute errors 
are estimated to be less than I percent in C;, and less than 2 
percent in C;. If we assume that these data provide a repre- 
sentative sample of sandstones in general, we can use them to 
find an empirical relationship describing velocity as a function 
of porosity, clay content, and effective pressure. 

Han (1986) varied the confining bressure from 0.01 to 0.80 
kbar. while the pore pressure varied from 0.00 to 0.40 kbar. 
Samples were prepressurized to 0.50 kbar to reduce hysteresis 
effecls. For a specific sample al a given ellctive pressure, Han 
found very slight velocity dilrerences for different values of 
confining pressure and pore preddilre. suggesting that both VP 

and v, are essentially functions of efftctive pressure. Therefore, 
we combined the data from all confining pressures and pore 
pressures for each rock and consideted velocity to be a func- 
tion of the effective pressure only. 

In this study, we first find a general relationship between 
velocity and P, for each individual rock, ignoring the clay and 
porosity parameters. We show that the pressure dependences 
for the individual rocks are similar enough that we can esti- 
mate the pressure effect for the entire suite of rocks together. 
Our next step is to combine the entire set of velocity measure- 
ments for all rocks and find an empirical relationship based on 
the three parameters: clay, porosity, and effective pressure. 
Such a relationship is a step in the long-term process of under- 
standing rock behavior; while various, sometimes competing, 
models of physical processes are being developed, an empirical 
relationship can provide a useful description, for a very large 
set of data, of the influence of efrective pressure, porosity, and 
clay content on seismic velocity. 

VELOCITY-PRESSURE RELATIONSHIPS FOR 
INDIVIDUAL ROCKS 

For each rock sample with a given value of porosity and 
clay content, we use the relationship 

1/ = A + KPc ~ BFDPc,. (1) 

This relationship can well describe the laboratory observa- 
tions of velocity variation with effective pressure for pressures 
equivalent to those in the upper crust (0 to 1.5 kbar). Although 
used by others for crystalline rocks (Moos. 1983; St&man et 
al., 1979), the relationship also works well for sedimentary 
rocks. since it describes well the velocity increase with effective 
pressure as microcracks and pores close and the rock becomes 
less compressible. As illustrated by the derivative of equation 

(I), 

dV 
-= 
dP, 

K + BDemDPc~. 

the velocity increases most rapidly as P, is initially increased 
and a relatively large number of microcracks close. A larger 
value for B indicates the increased relative importance of 
crack closure, while a larger value for D indicates that the 
cracks close more rapidly as P, is increased. Further increases 

in P, are associated with more nearly linear increases in veloc- 
ity. 

To fit equation (I) to the data in this study, we apply a grid 
search over the range I to 40 for the exponential coefficient D, 
and for each D, calculate the least-squares solution for the 
other coefficients, ,4, K. and B. For each solution: a tit param- 
eter is calculated based on the root-mean-square (rms) re- 
sidual in Vn. Vs, shear modulus p, and Poisson’s ratio v. The 
best-fitting set of coefficients is chosen to represent each rock 
sample. Most rocks had 17 measurements of both Vn and I”,:,; 
no solution was calculated for samples that had fewer than six 
measurements of both V, and V,. Table 1 lists the results for 
all the rocks studied. Since we were able to fit the observed 
velocities extremely well (Figure I), this table substantially 
provides a summary of the nearly 2000 laboratory measure- 
ments. 

Figure I shows the curves fit to V,,: <, and V,/l( data for 
six samples, representing a broad range of porosity, 0.059 to 
0.261, and clay content, 0.00 to 0.45. For a given P,, there are 
large variations in the velocities of these samples, resulting 
from the dependence on 4 and C (as well as other unmodeled 
factors and experimental error). Comparing Figures le and If. 
we note that samples with similar 4 and C have similar vp 
values of 3.3 to 3.5 km/s at 0.2 kbar, whereas Utah Buff 
(t’igbre la). ;I low Q, and low C sample. has a much higher “b 
of 4.9 km s at 0.2 kbar. As illustrated. we obtained for each 
sample. o\Jcr the measured range of I“~, atl excellent fit to the 
obser\cd velocities using equation (I). The velocity increases 
linearly with P,, above approximately 0.2 kbar: at lower pres- 
bures. the rate of increase in velocity with pressure is much 
greater. The L;,, I’, ratio is largest at very low P, and decreases 
as PC, increases. liowever. while the general pattern of behav- 
ior is common to all rocks me:lsured. there are major vari- 
ations among the individual samples. Compare Gulf124155, 
(e) which shows the largest pressure eft‘ect. with Utah Buff, (a) 
which shows the Icast. The shape of the curves is not simply 
dependent on 4, or C. For example, the rocks in c Andy i have 
similar Q, and C‘ parameters. yet show distinctly different be- 
ha\ ior at low P<, 

To invcstipatc further whether the effects of pressure on 
velocity might be dependent on 4 or C, we applied regression 
analysis to the coeflXents in equation (1) and the parameters 
+ and c‘. None of the coefficients shows any statistically sig- 
nlficant relationship to the parameters. Thus, the pressure 
dcpendcnce can be scparatcd from the porosity and clay de- 
pcndencc and the most valid function for the exponential coef- 
ticient L) is simply ;L constant, the average value. There is no 
significant dill’ercnce between the values obtained for V, and v, 
coefficients. Thus. for both C;, and V,, the same exponential 
cocfficicnt can bc used. 1) = 16.7 _t 5.3 (for P, in kbar). 

REGRKSSION ON ALL DATA 

Our next step is to apply forward stepwise multiple regres- 
sion on all the measured velocity data in order to obtain the 
best-titling relationship of the form 

I’ = f’[$, (‘, P, , (’ ‘jP,.], 

thus combining the observed dependence on efTective pressure 
\bith klan et al.‘s (1986) observation of clay content and poros- 
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FK. 1, Plots of calculated velocity-pressure relationships for six representative samples. Circles are measured velocities 
and stars are measured V /V ratios. (a) Utah Buff, + = 0.059, C = 0.06; (b) P646260, $ = 0.077, C = 0.45; (c) BereaSOO, 
$I = 0.195. C = 0.09; (df SiPeterl, + = 0.205, C = 0.00; (e) Gulf124155, 4 = 0.256, C = 0.22; (f) IndianaDark2, 
$ = 0.261. C = 0.16. 
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ity dependence. All the velocity data are used together instead 
of being separated by rock sample as was done in the preced- 
ing section, or by pressure as was done by Han et al. (1986). 
After searching over possible relationships that included 
various functions of each parameter. as well as combinations 
of parameters, the best fit was found for 

I’= H,, + H,$ + B,JC + 8,P,, (3) 

where the effective pressure is transformed to 

p, = P‘, - “ “PC. (4) 

with the exponential coefficient D determined in the preceding 
section. We initially used a transformation P, = P, - prmDpc, 

similar to equation (I). but l!I turned out to be unity to within 
the rms error of the coefficient. Additional terms in equation 
(3) did no1 signifcantly improve the tit to the data. The square 
root helps account for the effect on velocity of the initial clay 
addition: thus, adding 4 percent clay to clean sandstone has 
the same effect as adding 20 percent clay to a rock that orig- 
inally had IO percent clay. Han et al. (1986), in regression for 
$ and C on a smaller number of data points at one pressure, 
tried to adjust for this effect by separating out the samples 
with no clay. In our study, using all data from all pressures 
together. the ~ ‘c parameter was still significantly better than 
C’ even when the clean sandstones were removed. We also 
:ried other clay exponents from c /-0 25 tc, Co.““; however, ,I;;; 

turned out to bc the best parameter for I’,, and V,. 
We lind that V,, and L< can be described by 

y, = 5.77 - 6.949 ~ 1.73$ + 0.446(1’, - e- 1h.7P..) (5) 

and 

1: = 3.70 - 4.944 - 1.57Jc + 0.36l(P, - e ih.7P,.), (6) 

Table 2. Linear regression solution (PC in kbar). 

v = B,, + B,$ + B z JT + B, (P‘, - e- L6.7p*) 

rms error 
Parameter coefficient ofcod F-value* 

P velocity 

R,, 5.771 
B, porosity ~ 6.938 0.052 17 937 
B2 claysqrt - 1.725 0.020 7 238 
B, P, - emDP, 0.446 0.010 2 034 

S velocity 

R” 3.704 
B, porosity -4.937 0.050 9 649 
B2 claysqrt - 1.568 0.019 6 635 
B, p, - e-DP’ 0.361 0.010 1 324 

*Note: critical F--value is 4.00. 

Table 3. Fit of regression model. 

rms error 
(km/s) 

0.105 
0.099 

Reduction in 
data variance 

96% 
94 ‘I% 

with P, in kbar. The coefficients, along with their rms errors 
and F-test values, are listed in Table 2. The size of the coef- 
ficient shows how strongly a given parameter influences veloc- 
ity. since $, C, and P, have roughly the same numerical range, 
whereas the F-v’alue shows how statistically significant that 
parameter is in the regression. The porosity and clay terms 
have the largest effects, but the etTective pressure term is also 
highly significant as shown by the F-values. The total re- 
duction in data variance is 96 percent for If, and 94 percent 
for 1: (Table 3). The predicted velocities and residuals are 
shown for I;, in Figures 2a and 2b and for v, in Figures 2c and 
2d. It is remarkable, considering that rocks are complex sys- 
tems. how well velocity of the rocks considered here can be 
predicted based on only the three parameters $, C, and P,. In 
Figures 2a and 2c, the points cluster tightly around a 45’ line. 
There are no extreme outliers and the largest residual is only 
0.35 km/s, about 12 percent of the range of measured vari- 
ation. The rms errors for both V,, and I’, are about 0.1 km/s; 
thus, equations (5) and (6) fit the measured velocities reason- 
ably well. Figure 2b and 2d show the residuals plotted at a 
scale five times that of Figures 2a and 2c so that different 
types of residual patterns can easily be observed, and lines are 
drawn that enclose plus and minus two rms errors. 

DISCUSSION 

There are a few distinct series of points in Figure 2 that 
systematically do not fit the line and correspond to particular 
rocks. We can consider how well equations (5) and (6) predict 
the velocities for an individual rock sample by looking at the 
residuals for the data that are fit most poorly. In the residual 
plot, the average velocity residual for a particular sample is 
related to how well the empirical coefficients for porosity and 
clay describe that rock’s behavior, since porosity and clay are 
constant for a given rock sample. Patterns in the residuals for 
an individual sample reflect discrepancies between the velocity 
variation with P, of the empirical model and that of the par- 
ticular rock sample. In Figure 2b, samples are highlighted that 
have numerous large V, residuals and/or unusual trends in 
residuals. For Utah Buff, which has very little variation with 
pressure (Figure la), the average predicted velocity is about 
the same as the average observed velocity; however. the pre- 
dicted velocity is too low at low pressures and too high at 
high pressures, thus creating a distinct pattern. In contrast, for 
Gulf12677 all predicted velocities are too high: the residual for 
one measurement is greater than three rms errors. There is 
also a strong pattern in the residuals, since this sample has 
larger variation with pressure in both the linear K and ex- 
ponential B terms than the regression relationship expects. 
Despite having very similar characteristics to Gulf12677, the 
sample Gulf12676 has predicted velocities that are all too low. 
The trend of residuals is also less pronounced with fairly uni- 
form residuals for P, above 0.06 kbar, since the linear part of 
the velocity variation with P, is slightly less than that of the 
regression model, while the exponential decay is larger. 

StPeterl shows a combination of the residual trends ob- 
served for other rocks. It has a smaller linear increase with P,, 
yet a larger exponential decrease at low P, than most of the 
samples (Figure Id). P727154 and Berea500 do not exhibit 
particular trends in their residuals, since the empirical V,,-Pe 
relationship fits these samples well. P727154 has uniformly 
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FIG. 2. Velocity predictions using equations (5) and (6). (a) Predicted versus measured V’, (b) VP residuals (observed - 
predicted) versus measured ‘/, , with samples marked that have numerous large residuals or unusual trends in residuals. 
Lines indicate f. 2 rms error. (c) Predicted versus measured V,, (d) K residuals versus measured V,, with the same 
samples marked as in (b). 
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large positive residuals, while BereaSOO is one of the best- 
fitting rocks with uniformly small residuals. Thus the porosity 
and clay terms are underestimating velocity for P727154, but 
are providing fairly accurate estimates for BereaSOO. Figure 2d 
shows the V, residuals with the same rocks highlighted. The 
average residuals and residual patterns are similar to those for 
V,. A difference is that Berea500 has larger shear velocities 
than predicted. P727154 shows a much larger exponential de- 
crease in v, at P, less than 0.05 kbar, but this may be partly 
due to greater difficulty in measuring shear velocity at low 
effective pressures (Han, 1986). 

All these effects are results of factors, such as grain and pore 

FIG. 3. Level surfaces, in the $, C, P, coordinate system, for 
increasing V,. V,, = 3.50, vD = 4.50, and VP = 5.50. Most 
measurements of velocity at increasing pressures show that at 
some point between 1 and 2 kbar, the linear increase with 
pressure becomes less pronounced and above 5 kbar, the 
curves are nearly flat (Christensen, 1984). Thus, effective pres- 
sure is extrapolated to 1.5 kbar. 

FIG. 4. Plot showing effect of varying V,/y ratio for V = 4.00. 
Lines represent intersections with various V, surfaces. humber 
next to line indicates the corresponding V,/1: ratio. 

size and shape and degree of compaction and cementation, 
which are not included in our simple empirical relationship. 
Microstructural variations can particularly affect velocity at 
low P,, even for rock samples with exactly the same compo- 
sition and porosity (Bourbie and Zinszner, 1985). Additionally, 
the simple measurement of percent clay does not fully describe 
the rock’s composition. However, the very good fit we obtain 
(Table 3) shows that the empirical relationship accounts for 
most of the velocity variation within our sample observations, 
and thus may be a useful tool for estimating velocity within 
the uncertainty indicated in Figure 2 for similar rocks that 
have no available laboratory measurements. It would be diffi- 
cult to adjust for additional complexity in any simple uniform 
manner, as is illustrated by Gulf12676 and Gulf12677, which 
are very similar samples but have distinctly dimerent patterns 
of residuals. 

In order to visualize a function of three variables, in Figure 
3 we show level surfaces of V,($, C, P,) = 3.5 km/s, 4.5 km/s, 
and 5.5 km/s in the 4. C, P,. coordinate system. Thus a rock 
with a ‘v,, of 4.5 km/s should be characterize& ‘by some poi~rt 
on the V,, = 4.5 surface. The surfaces are curved because of the 
,/? term and flatten at low effective pressure because of the 
exponential pressure term. The surfaces for different velocities 
are quite distinct. In these plots, the grid lines represent values 
of constant porosity and clay content. For example, the bold 
lines on the I’,, = 4.5 surface are lines for 4 = 0.06 and C = 
0.30: a rock with 4 = 0.06, C = 0.30, and VP = 4.5 would be a 
point on the surface at the intersection of these lines, with 
estimated P, of 0.23 kbar. For a relatively high V, of 5.5 km/s, 
fairly large effective pressures are indicated except for ex- 
tremely pure, low-porosity sandstones. 

In Figure 4, we observe the influence of the V,/V, ratio by 
plotting intersection lines of various V, level surfaces on the V, 
level surface. The combinations of ($, C, P,) that predict a 
given Vp and V, using our relationships are described by the 
intersection of the two surfaces. For pressures above the ex- 
ponential decay. the V,/K ratio seems to be most correlated 
with the porosity, since the V,,/V’, lines are generally aligned 
with lines of constant porosity, except for low clay content, 
where small amounts of clay greatly influence the elastic 
moduli. A normal to a V,/v, line (arrow in Figure 4) shows 
that an increase in the VJV, ratio indicates a decrease in 
effective pressure, as is commonly observed, and/or an in- 
crease in the clay content or a decrease in porosity. 

It is difficult to graph the rms error of the regression model, 
but it could be visualized as an envelope around a surface of 
Figure 3. Thus within the rms error there is, rather than a 
single point. a range of values that could indicate a certain 
velocity. For example, V,, = 4.00 km/s could be indicated by 
4 = 0.20 i 0.02, C = 0.25 k 0.05, and P, = 0.62 k 0.23. 

CONCLUSIONS 

For each of 64 different water-saturated sandstones, re- 
lationships between effective pressure and V, and V, have been 
determined. All samples could be well fit by relationships that 
have an exponential increase in velocity at low P,, tapering to 
a linear increase with P, at higher P,. Variations in the pres- 
sure dependence among the samples do not correlate with 
porosity or clay content. The most useful form, considering all 
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the samples, is AI’ proportional to (P,. ~ Y ‘h.7Pz,), where P, is 

in kbar. 

We have applied forward stepwise multiple regression on 

the entire combined data set to find the best-fitting empirical 

relationships. These are 

I’ I’ = 5.77 ~ 6.944, - 1.73\Ii? + 0.44h(P,, ~ e- ‘b.‘pq 

and 

V, = 3.70 - 4.94$ - 1.57,3 + 0361(P, - cm’6.7”,). 

The reduction in data variance is about 95 percent and the 
rms error is about 0.1 km/s. Since such complicating factors as 
grain size and pore shape distributions, amount of com- 
paction, and degree of cementation are not described in the 
simple characterization by porosity and clay content, some 
samples are poorly fit by these empirical equations. Residual 

plots show that poorly fit rocks have uniformly large residuals 

due to a poor fit in the 4 and C terms or unusual trends in 
residuals due to greater or lesser P, variation than the typical 
sample. 

The empirical relationships are able to provide a useful de- 
scription, for a very large set of data, of the influence of ef- 
fective pressure, porosity, and clay content on seismic velocity. 
While the relationships cannot exactly describe the velocity 

for all sandstones, the fit is reasonable for these varied sam- 
ples, and thus may be useful for estimating the velocity of 
rocks for which laboratory measurements are unavailable. 
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